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Abstract. A coupled thermomechanical behavior of a finite viscoelastic cylinder under harmonic kinematic
excitation at its ends is investigated. The method of superposition is utilized to determine the stress-strain state of
the cylinder. A refined asymptotic technique is developed to find the stress-strain state at each point of the body
including the corner. Stiffness characteristics are examined over a broad range of cylinder-geometry parameters.
By use of known stress components the function for the dissipation rate is constructed and the temperature field of
vibration heating is calculated by solving the appropriate heat-conduction boundary-value problem. For the case
of strong temperature dependence of loss modulus the phenomenon of thermal instability is examined.
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1. Introduction

Cylindrical members are widely used in engineering applications. Therefore the static and
dynamic behavior of a cylinder under mechanical and thermal loadings has been extensively
studied in the past. Filon [1] used the Lamé method of superposition [2, Chapter 12] to investi-
gate the stress state of an elastic finite cylinder. In [3–7] Lamé’s method was further developed.
In the papers cited the boundary-value problem was reduced to infinite systems of algebraic
equations. Unfortunately, the approach developed does not provide an appropriate accuracy
for the stress at the boundary surfaces. Essential difficulties arise in the case of a cylinder
with clamped faces due to a stress singularity in the corner points. Grinchenko [8, Chapter 2]
investigated the asymptotic behavior of infinite systems to improve a solution algorithm and
to calculate the stress in all points of the cylinder, including the corner points.

The stress and strain as calculated can be used to investigate the self heating of a vis-
coelastic cylinder under cyclic compression. This problem is of great importance to many
fields of engineering, where thermoplastic materials are widely used. A review of recent
advances in the modeling of thermal failure and new results in the area is presented in [9,
10], where theoretical and experimental results are obtained for cylindrical specimens under
kinematic harmonic excitation. Good agreement was found between the numerical and exper-
imental temperatures for the PEBAX elastomer [9] and two commercial polymethylmethacry-
late and polycarbonate specimens [10, 11] to cyclic compressive loading. The phenomenon
of catastrophic failure due to self heating is a key problem in this context. It was established
[9] that this scenario of self heating occurs if the loading parameter exceeds some critical
value. Systematic investigations of the influence of coupling of mechanical and thermal fields
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on stress-strain and thermal states are reported in [12, Chapters 7–8], [13, Chapter 6], [14,
Chapter 8], [15].

The aim of our paper is to present the results of the investigation of stress-strain state
and self heating of the viscoelastic finite cylinder under axial harmonic compression within a
coupled problem of thermoviscoelasticity. The method of superposition is applied to calculate
the distributions of stress and temperature [16]. Methods of calculation of critical loads are
presented.

2. Statement of the problem

The axisymmetric stress-strain state of an isotropic linear viscoelastic cylinder (radius R,
length H ) is examined. The periodic variation in time of the axial component of the dis-
placement is prescribed at the upper and lower faces of the cylinder. The lateral surface is
traction-free.

It is assumed that a steady vibration problem is being considered; therefore, all field
variables may be represented as follows:

�u(x, t) = Re

{
�̃u(x)eiωt

}
, . . . , etc,

where �̃u is complex amplitude of the displacement, �̃u = �u′ + i�u′′, . . . ,etc; ω is the frequency
of excitation, x represents the set of spatial coordinates and t is the time.

A cylindrical coordinate system (Orzϕ) is introduced. The model is formulated starting
from a notation in which all governing equations are expressed in complex variables [12,
Chapters 7–8], [15], [17, Chapter 2]. When the cylindrical symmetry of the problem is taken
into account, the equilibrium equations in cylindrical coordinates are:

∂σ̃rr

∂r
+ σ̃rr − σ̃ϕϕ

r
+ ∂σ̃rz

∂z
= 0,

∂σ̃rz

∂r
+1

r
σ̃rz + ∂σ̃zz

∂z
= 0,

(1)

where σ̃mn is the stress tensor for the complex amplitudes: σ̃mn = σ ′
mn + iσ ′′

mn.

The effects of inertia and material nonlinearity are neglected. These points are discussed
in [13, Chapter 8], [14, Chapter 9], [18–19].

Stress-strain constitutive relations may be written as

σ̃mn = 2G̃(ε̃mn + ν̃

1 − 2ν̃
ε̃kkδmn), (2)

where ε̃mn is the strain tensor for the complex amplitudes, G̃ and ν̃ are the complex shear
modulus and Poisson’s ratio, respectively.

Boundary conditions are specified as follows:

ũz = ±Ru0, ũr = 0 at ζ = ±ζ0, (3)

σ̃rr = 0, σ̃rz = 0 at ρ = 1. (4)

The cylinder radius R is chosen as the characteristic dimension to define the dimensionless
coordinates, so that ρ = r/R, ζ = z/R and ζ0 = H/R; Ru0 is the amplitude of excitation.
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Let us make some remarks. It is convenient to introduce the dimensionless stress σ̂mn =
σ̃mn/2G̃ into (1) and (2). Thereafter, if Poisson’s ratio is supposed to be a real value ν̃ = ν, the
viscoelastic problem is reduced to a problem of elasticity. The applicability of this hypothesis
was discussed in [20–23]. These findings provide an endorsement for the assumption ν̃ =
ν, particularly for bodies with a large free surface and for slightly compressible elastomers.
States close to hydrostatic compression are sensitive to the volume deformation hypothesis.
Such states occur in a compressed thin disk, (see for example [23]).

3. Construction of the solution

Following the superposition technique developed in [16], the displacements are expressed as

ûr = ur

R
= 2(1 − 2ν)α0ρ +

∞∑
n=1

{αn

[
4(1 − βν)I1(knρ) − knρIn(knρ)

] −

βnknI1(knρ)} cos knς +
∞∑
i=1

(γiλiς sinh λiς + δiλiς sinh λiς) J1(λiρ),

ûz = uz

R
= 2(1 − 2ν)γ0ρ +

∞∑
n=1

[
αnknρI1(knρ) + βnknI0(knρ)

]
sin knς+

∞∑
i=1

{γi [(3 − 4ν) sinh λiς − δiλi sinh λiς)]} J0(λiρ),

(5)

where α0, γ0, αn, βn, γi , δi are arbitrary constants, kn = (2n − 1)π/2ζ0; λi are roots of the
equation J1(λ) = 0; J0, J1, I0, I1 are Bessel functions.

The expressions for the dimensionless stress are deduced from normalized constitutive
relations (2)

σ̂rr = 2α0 + 2νγ0 +
∞∑

n=1

{αn[−4(1 − ν)
1

ρ
I1(knρ) − knρI1(knρ)+

(3 − 2ν)knI0(knρ)] + βnkn[ 1

ρ
I1(knρ) − knI0(knρ)]} cos knς−

∞∑
i=1

(γ iλiς sinh λiς + δiλi cosh λiς)
J1(λiρ)

ρ
+

∞∑
i=1

[γi(λ
2
i ς sinh λiς + 2νλi cosh λiς) + δiλ

2
i cosh λiς ]J0(λiρ);

σ̂ϕϕ = 2α0 + 2νγ0 +
∞∑

n=1

{αn[4(1 − ν)
1

ρ
I1(knρ) − (1 − 2ν)knI0(knρ)

−2α0 + 2νγ0 + βnkn

1

ρ
I1(knρ)] cos knς +

∞∑
i=1

(γ iλiς sinh λiς + δiλi cosh λiς)×

J1(λiρ)

ρ
+ 2ν

∞∑
i=1

γiλi cosh λiς)J0(λiρ);
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σ̂zz = 4να0+2(1 − ν)γ0+
∞∑

n=1

{αn[k2
nρI1(knρ)+2νknI0(knρ)]+βnk

2
nI0(knρ)} cos knς+

∞∑
i=1

{γi[−λ2
i ς sinh λiς + 2(1 − ν)λi cosh λiς ] − δiλ

2
i cosh λiς} × J0(λiρ);

σ̂rz =
∞∑

n=1

{αnkn[−2(1 − ν)I1(knρ) + knρI0(knρ)] + βnk
2
nI1(knρ)} sin knς+

∞∑
i=1

{γiλi[λiς cosh λiς − (1 − 2ν) sinh λiς ] + δiλ
2
i sinh λiς ]} × J1(λiρ).

(6)

Note that representations (5) and (6) formally give the possibility to satisfy all boundary
conditions (3–4). We now proceed to find the unknown constants in Equations (6).

4. Analysis of the infinite system

Satisfying the homogeneous boundary conditions (3–4) for ũr and σ̃rr , we obtain the following
relations between the coefficients:

δj = −γjζ0thλjζ0, βnkn = −αn

[
knI0(kn)/I1(kn) − 2 + 2ν

]
. (7)

Then new coefficients xn and yj are introduced by the relations

αn = − (−1)nxn

4knI1(kn)
, γj = ζ0yj

4λjJ0(λj ) cosh λjζ0
. (8)

Substituting the expressions for ûz and σ̂rr in the remaining conditions (3–4), we obtain a
system of two functional equations. To transform the system into algebraic form, the following
Fourier-Bessel expansions are used:

I0(knρ) = 2
I1(kn)

kn

+ 2knI (kn)

∞∑
j=1

J0(λjρ)

qnjJ0(λj )
,

knρI1(knρ) = 2I0(kn) − 4
I1(kn)

kn

+ 2k2
nI0(kn)

∞∑
j=1

J0(λjρ)

qnjJ0(λj )
− 4k3

nI1(kn)

∞∑
j=1

J0(λjρ)

q2
njJ0(λj )

,

where qnj = k2
n + λ2

j .
As a result, after some transformations, we obtain the infinite system of algebraic equations

Xntn =
∞∑
i=1

pniYi + 4ν

ζ0k2
n

,Yisi =
∞∑

n=1

pniXn, (9)

where the following new unknowns are introduced:

Xn = xn

γ0
, Yi = yi

γ0

and



Thermomechanical behavior of a viscoelastic finite circular cylinder 303

γ0 = u0

2(1 − 2ν)ζ0 − ν
∞∑

n=1
Xn/k2

n

; pni = k2
n

q2
ni

− 1 − ν

qni

;

tn = [k2
n + 2(1 − ν)]I 2

n (kn) − k2
nI

2
0 (kn)

4k2
nI

2
1 (kn)

; si = ζo

4
(
3 − 4ν

λi

tanh λiζ0 − ζ0

cosh2 λiζ0
).

As a consequence of the corner singularity, the series representing the stresses at the
boundary surfaces converge very slowly. Nevertheless we can improve the numerical results
sufficiently, using the asymptotics of the solution of the system (9). An efficient asymptotic
technique was proposed in [16]. Following it, we express the principle terms of asymptotic
representations of the unknowns in the system as

Xn = b

k
β
n

; Yi = a

λα
n

. (10)

Retaining only the principal terms in the system (9), we obtain the equations

−b

4

1

k
β+1
n

= a

kα+1
n

(
1 + α

4 sin 1−α
2 π

− 1 − ν

2 sin 1−α
2 π

)
;

3 − 4ν

4

a

λα+1
i

= b

λ
β+1
i

(
1 − β

4 sin 1−β

2 π
− 1 − ν

2 sin 1−β

2 π

)
.

(11)

The following summation rule is utilized:

lim
k→∞

∞∑
n=1

1

k
f

(n

k

)
=

∞∫
0

f (x)dx.

It follows from Equations (11) that α = β. The condition for the existence of a nonzero
solution for the constants a and b leads to a transcendental equation for α, namely,

(3 − 4ν) sin2 1 − α

2
π = [α − (1 − 2ν)][α + (1 − 2ν)]. (12)

It has two real roots, one positive and one negative, both smaller than unity. The negative
root is inconsistent with the assumptions leading to Equation (12) and should, therefore, be
discarded. The method of reduction improves substantially if, in the course of transition to a
finite system with M unknown Xn and N unknown Yi , one lets

Yi = YNλα
N

λα
i

(i � N); Xn = XMkα
M

kα
n

(n � M). (13)

The infinite system (9) then becomes

Xntn =
N∑

i=1

pniYi + YNλα
N

∞∑
i=N+1

pni

λα
i

+ 4ν

ζ0k
2
n

,Yisi =
∞∑

n=1

pniXn + XMkα
M

∞∑
n=M+1

pni

kα
n

,

(n = 1, 2, . . . ,M; i = 1, 2, . . . , N).

(14)

The criterion for selecting the number of unknowns M and N is the accuracy of the ap-
proximation by Fourier-Bessel series with a (1 − ρ)α−1 type singularity for ρ → 1; boundary
conditions are, in this case, automatically satisfied within sufficient accuracy.
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5. Calculation of the stresses

Having solved system (14) and inserted the values of the coefficients of Xn and Yi into the
expressions for displacements and stresses, we obtain the solution of our problem. A simple
asymptotic analysis of these series indicates, however, that the stress series converge very
slowly at the boundary surfaces. Since difficulties of such a nature are common to all stresses,
we will illustrate the problem by giving a thorough analysis of the radial stress. We consider
separately the cylindrical and the laminar components. The cylindrical component (series in

n), marked by superscript “c”, converges fast when ρ < 1, but as
∞∑

n=1

(−1)n

kα
n

cos knζ when

ρ = 1.

With the series expansion

∞∑
n=1

(−1)n

kα
n

cos knζ →
ζ→ζ0

ζ0

n
�(1 − α)(ζ0 − ζ )α−1 cos

1 − α

2
π,

2απ�(α)

∞∑
n=1

√
n

(πn)α
Jα+ 1

2
(πn) sin

πnz

h
= √

2
z

h

(
1 − z2

h2

)α−1

, (15)

its convergence improved by Kummer’s method, we obtain for ρ = 1

σ̂ c
rr = −γ0

4

M∑
n=1

(−1)n

{
Xn

[
kn

I 2
0 (kn)

I 2
1 (kn)

− kn − 2(1 − ν)

kn

]
− XMkα

M

kα
n

}
×

cos knζ − XMkα
Mγ0

4
Z1(ζ ),

(16)

where

Z1(ζ ) =
∞∑

n=1

(−1)n cos knζ

kα
n

= − (ζ 2
0 − ζ 2)α−1

2αζ α−2
0 �(α) sin απ

2

+

∞∑
n=1

[
(−1)n

kα
n

+
√

knπζ0

2

In− 1
2

k2
n sin απ

2

]
cos knζ.

(17)

For the laminar component (series in j ), marked by superscript ‘l’, at ζ = ζ0 we have,
analogously,

σ̂ l
rr = νζ0γ0

2

N∑
i=1

(
Yi − YNλα

N

λα
i

)
J0(λiρ)

J0(λi)
+ νζ0γ0

2
YNλα

NZ2(ρ), (18)

where

Z2(ρ) =
∞∑
i=1

1

λα
i

J0(λiρ)

J0(λi)
= (1 − ρ2)α−1

2α�(α) cos πα
2

− 1

2α�(α + 1) cos απ
2

+
∞∑
i=1

[
1 − J0(λi)

cos απ
2 J0(λi)

]
1

λα
i

J0(λiρ)

J0(λi)
.

(19)
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Figure 1. Distributions of normalized stress components σ 0
zz and σ 0

rr for some fixed values of ζ .

Figure 2. Distributions of normalized stress components σ 0
ϕϕ and σ 0

rz for some fixed values of ζ .

The series in expressions (16–19) converge sufficiently fast. Expressions (17) and (19)
indicate that the singularity found in the components of the stress tensor upon approaching a
corner is of the same type as the singularity in the problem for quarter of plane in elasticity.
With the solution given here, it is possible to calculate the stress-strain state at any point of a
viscoelastic cylinder within any prescribed accuracy. Numerical values of the components of
stress tensor, with ν = 0·5 and various fixed values of ζ , are shown in Figures 1 and 2. The
graphs reflect the basic singularities’ characteristics of such stresses. Normalized stresses are
introduced as σ 0

αβ = σ̂αβ/ε0, ε0 = Ru0/H = u0/ζ0, α, β = r, ϕ, z.
The stress distributions over the cylinder end faces are shown in Figure 3 for ν = 0·4 and

0·5. The indices of respective stresses are given here in parentheses. It is evident here that
the stresses begin to increase fast when approaching a corner point and that, furthermore, the
stress level rises appreciably with increasing Poisson ratio. We note that, when ν = 0·5, the
state of a cylinder end face is ‘hydrostatic’ (σrr = σϕϕ = σzz).
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Figure 3. Stress distributions over the cylinder end for
for ν = 0·4 and ν = 0·5.

Figure 4. Dependence β (ζ0) for fixed values of Poisson
ratio.

6. Compression stiffness

Stiffness characteristics of the cylinder with clamped ends are of great practical importance
for the design of rubber mounts for vibration proofing [14, Chapter 8], [24–25]. Let us define
a stiffness coefficient as

β̃ = Ẽeff/Ẽ. (20)

Here Ẽeff is an ‘effective’ complex modulus of axial compression of the mount

Ẽeff = 〈σ̃zz 〉/ε0 = 2R−2

R∫
0

σ̃zz(r,H)rdr/(u0R/H) (21)

and Ẽ is the reference Young’s modulus of material.
Obviously, β̃ is a real quantity β̃ = β when a Poisson’s ratio ν̃ is real. Using (6) and (21),

we obtain

β = 2ζ0(1 − ν)

(1 + ν)[2(1 − 2ν)ζ0 − ν
n∑

n=1
Xn/k2

n]
, (22)

when the coefficients Xn are calculated from infinite system (9).
Numerical results are shown in Figures 4 and 5 as β(ζ0) for a number of fixed ν values. The

data in Figure 4 illustrate a very high sensitivity of stiffness to Poisson’s ratio around ν = 0·5.
It was shown in [14, Chapter 8] that the stiffness of a thin disk–like cylinder is determined by
the volume modulus K̃
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Figure 5. Dependence of β on geometry parameter ζ0
for various Poisson ratios. Comparison with experimen-
tal data.

Figure 6. Temporal self-heating temperature curves in
two points of rubber cylinder: 1 − ϕ = ζ = 0, 2 − ϕ =
ζ = 0·5. Comparison with experimental data.

lim
ζ0→0

β = K̃

Ẽ
= 1 − ν

(1 + ν)(1 − 2ν)
.

For incompressible material the following asymptotic result is established for the case of
ζ0 vanishing to zero

β = 1

cζ 2
0

+ O(ζ0),

when c is a certain coefficient independent of ζ0.
The dependence of β on the geometry parameter ζ0 for a number of fixed ν values is

represented in Figure 5. Circles and triangles correspond to experimental data taken from
[25]. The results presented show good agreement.

7. Vibration heating

Further attention is given to analysing the self heating in a cylinder sustaining a cyclic com-
pressive loading. An important point of this part is to analyse the steady state resulting from
the balance in the heat generation by the dissipation of part of the mechanical work and heat
loss to the surroundings. The conditions of self-accelerating catastrophic-heating regime are
discussed.

The evolution of the temperature θ is governed by the heat equation time-averaged over
the cycle

c
∂θ

∂t
= k�θ + D̄, (23)
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where k is the heat-conductivity coefficient, c is the heat capacity per unit volume, D̄ is the
rate of calorific energy produced by dissipation per unit volume, �θ is the Laplacian of the
temperature.

Appropriate boundary and initial conditions are expressed as follows:

θ = θ0 at |ζ | = ±ζ0 and 0 < ρ < 1,

−∂θ

∂ρ
= γ (θ − θ0) at ρ = 1 and |ζ | < ζ0,

θ = θ0 for t = 0

(24)

where γ = αR/k, α is a heat-transfer coefficient, θ0 is the initial temperature.
The dissipated energy per unit volume is equal to the area of the hysteresis loop:

D̄ = ω

2π

2π/ω∫
0

σij ε̇ij dt =ωG′′
[
σ̂ 2

rr + σ̂ 2
zz + σ̂ 2

ϕϕ + 2σ̂ 2
rz − ν

1 + ν
(σ̂rr + σ̂zz + σ̂ϕϕ)

2

]
, (25)

where stress components σ̂ij are defined by Equation (6); G′′ is shear loss modulus.
It is remarkable that the dissipation function D̄ is determined by dimensionless stress

components which are calculated within the elastic statement of the mechanical problem.
We note that according to Equations (17–18) the dissipation function has a singularity in the
vicinity of a corner point: D̄ ≈ D0[(1 − ρ)2 + (ζ0 − ζ )2]1−α . Nevertheless, that singularity is
integrable. So the temperature is a bounded function.

For the purpose of disigning structural components, it is useful to investigate the effects of
the material parameters, as well as the effects of the loading parameters. Attention is devoted
to a low carbon-filled rubber, a IRP 1347. According to Equation (25) the only viscoelastic
property needed to characterize the dissipation function is the shear-loss modulus G′′(ω, θ).
Typical experimental data for the IRP 1347 elastomer are fitted by the expression

G′′(ω, θ) = G′′
0(ω) exp[−0·0143(θ − 273)/θr ], (26)

where θr is a reference temperature.
The following parameters values are used:

R = 0·05 m, ζ0 = 0·66, ω = 163·71 /s, ν = 0·5,

α = 10 W/m2K◦, θr = 1 K◦, θ0 = 293 K◦,

k = 0·22 W/mK◦, c = 1·86 × 106 J/m3, G′′
0 = 0·863 MPa. (27)

The evolution of the temperature at two points of a cylinder with coordinates ρ = ζ = 0
(curve 1) and ρ = ζ = 0·5 (curve 2) is represented in Figure 6. The loading parameter is
ε0 = 3%. Triangles denote experimental results, whereas solid lines correspond to calculated
data. As we can see, the discrepancy of theoretical and experimental results does not exceed
5%. The dependence of the maximum of the steady temperature on deformation ε0 is shown
in Figure 7. Curve 1 was calculated subject to the hypothesis G′′ = G′′(θ0), where curve 2 was
calculated using the temperature dependence (26). It is easy to recognize that, when ε0 � 2%,
the range of the temperature rise is such that G′′ cannot be considered as constant.
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Figure 7. Dependence of maximum steady temperature
in the rubber cylinder on reference deformation ε0.

Figure 8. Dependence λ (A) for eigenvalue problem.
Curve 1 is calculated from (30) and curve 2 is obtained
according to SAM.

8. Thermal instability

Catastrophic failure due to self heating is a common phenomenon in dissipative materials.
This is particularly important for thermoplastics that have a very high temperature sensitivity
and that can melt above a certain temperature. In earlier investigations [26, 27] it has been
realized that the conditions of nonexistence of a steady-state solution have to be established to
solve the problem. A material failure by thermal runaway necessarily appears in these cases.
Below we analyse the existence of steady–state distributions of temperature in a cylinder made
of linear viscoelastic material sustaining a compressive cyclic loading.

Let the temperature dependence of the loss modulus G′′ be expressed as follows:

G′′(ω, θ) = G′′
0(ω)�[(θ − θ0)/θr ], (28)

where � is a certain function chosen to fit the experimental data.
The steady-state heat-conduction problem (23–24), with Equations (25) and (28) having

been taken into account, is written as follows:

�u + λf (ρ, ζ )�(u) = 0,
∂u

∂n
+ χu = 0 on S, (29)

where a dimensionless temperature u has been introduced, u = (θ − θ0)/θr ; χ is a parameter
of heat exchange, χ = γ /θr ; λ is heat generation intensity parameter, λ = ωε2

0G
′′
0R

2/kθr ; n

is outer normal to S, and

f (ρ, ζ ) = σ 0
rr

2 + σ 0
zz

2 + σ 0
ϕϕ

2 + 2σ 0
rz

2 − ν

1 + ν
(σ 0

rr + σ 0
zz + σ 0

ϕϕ)
2.
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The key question is to calculate the critical value λ∗ of the intensity parameter λ, such that
for λ > λ∗ there is no positive solution of problem (29) [26, 27].

In [26] for the bounded function u/�(u) is given as an upper estimate λ̂ for λ∗. It is shown
that

λ̂ = µ0 max
u�0

u

�(u)
, (30)

where µ0 is the minimum eigenvalue of the associated linear problem

�u + µf u = 0,
∂u

∂n
+ χu = 0 on S. (31)

The function (30) gives a good estimate of the critical parameter λ∗. However, the method
used to obtain Equation (30) does not allow to improve the result obtained. Moreover, this
approach leads to a considerable error in the temperature distribution for λ = λ∗.

In [27] we propose two methods for solving of the problem (29) with a significantly
nonlinear source �(u), which allow us to obtain the value of λ∗ with any degree of accuracy.

Assuming that the function u/�(u) is bounded and that the estimate (30) is sufficiently
exact, we propose the following approach to the solution of the system (29). Following the
successive-approximation method (SAM), we write Equation (29) in the form

�u + µg(x)u = g(x)[µu − λ�(u)] (32)

and solve the original nonlinear problem according to SAM. As a result the problem reduces
to a sequence of linear boundary-value problems

�u0+ µf u0 = 0,
∂u0

∂n
+ χu0 = 0;

�un+ µf un = f [µun−1 − λn−1�(un−1)],
∂un

∂n
+ χun = 0 (n = 1, 2, . . . ).

(33)

It was shown in [27] that the initial approximation can be chosen as

µ = µ0, u0 = AV0(ρ, ζ ), (34)

where V0(ρ, ζ ) is an orthonormalized eigenfunction corresponding to µ0.
Substituting u0 in (33) from the condition of the existence of the solution of boundary-value

problems (33), we obtain the sequence

λn−1 = µ0A


∫

V

f �(un−1)u0dv




−1

. (35)

The quantity λn(A) → λ(A) for n → ∞. If the function u/�(u) is not bounded, the value of
µ in (34) must be chosen in another way.

We consider specific examples of an investigation of the thermal instability of viscoelastic
elements subjected to cyclic loading.

Problem (31) is solved by Galerkin’s method for a cylinder characterized by data (27). For
many viscoelastic materials, especially for highly filled elastomers, the function �(u) = exp u
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provides a good approximation of the temperature dependence of the shear loss modulus.
In Figure 8 the curves λ(A) are represented for the problem defined by (33). Curve 1 is
obtained based on Equation (30). Curve 2 is obtained based on a zero approximation (34).
Both relations predict near values of the maximum λ, but a noticeable distinction of a critical
temperature amplitudes A takes place.

So when λ > λ∗ = 0·505, a thermal steady state for the cylinder does not exist and an
infinite temperature rise occurs.

9. Conclusions

The method of superposition is used as a direct and powerful technique to obtain the solution
for an end-clamped finite cylinder. An asymptotic law for the Fourier coefficients allowed us
to obtain accurate results for stress-strain fields everywhere, including corner points.

Next, the stiffness of a cylinder under axial compression has been investigated. A strong
Poisson’s ratio effect for a relatively thin disk has been established. Comparison of computa-
tional and experimental results was presented.

Once stress-strain field contributions were found, the rate dissipation function was cal-
culated and the heat-conduction boundary-value problem defined. Then the evolution of the
self-heating temperature for the cylinder was observed. Comparisons of computational and
experimental results was given. In the case of strong temperature-dependent shear-loss mod-
ulus a phenomenon of thermal instability was examined. An approach for the calculation of
critical values of the heat-intensity parameter has been developed.
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